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Abstract: This article deals with quantitative error analysis resulting from ellipsometric data
obtained from measurement on curved surfaces including the influence of non-collimated
beams. Numerical model based on the combination of geometrical and wave optics is re-
stricted to the example of single dielectric layer deposited on the substrate with complex in-
dex of refraction. Three methods for averaging measurable ellipsometric data are compared.
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1. Normal to the curved surface
Let ( , )z z x y=  is a function describing the curved surface in a Cartesian co-ordinate system,
then a vector perpendicular to the tangential plane in the point ( , ) ( , , ( , ))x y x y z x y=r  of the
surface is ( , ) grad( ( , ) )x y z x y z= − −u . Hence the unit normal vector is ( , )( , ) ( , )
x y
x y
u x y
=
u
n ,
where ( , ) ( , )u x y x y= u  is a size (norm) of the vector ( , )x yu . Especially for the upper half-
sphere 2 2 2( , )z x y R x y= − − , 2 2 2x y R+ ≤ , where R  is a sphere radius (and centre of the
sphere coincides with the origin of co-ordinate system), we have a unit vector normal to the
surface at the point ( , ) ( , , ( , ))x y x y z x y=r
2 2 2( , , ) ( , ) ( , )( , ) ( , )
x y R x y x y x y
x y
R r x y R
− −
= = ≡
r r
n . (1a)
This surface appears to be convex from the point of view of incident beam. Similarly, for the
bottom half-sphere 2 2 2( , )z x y R x y= − − −  the unit vector normal to the concave surface is
2 2 2( , , ) ( , ) ( , )( , ) ( , )
x y R x y x y x y
x y
R r x y R
− − − − − −
= = ≡
r r
n . (1b)
Probably the formula
2 2
22 2 2
2 2
21 1
x y
RR R x y R
x y
R
+
− − − =
+
+ −
(1c)
can be useful for numerical purposes when 2 2 2x y R+ ≪ .
2. Light beam incidenting the curved surface
Usually for the beam incidenting the curved surface we can define the central (mean or chief)
ray that is for instance possible to identify with the symmetry axis of a wide beam of circular
cross-section. For the converged beams with angle of convergence 0β >  or divergent beams
with angle of divergence 0β <  or collimated beams ( 0)β =  we can define the propagation
direction of the central ray by a unit vector i,centr i,centr, i,centr, i,centr,( , , )x y zn n n=n . Using standard
spherical co-ordinates i 0,2πϕ ∈ , i π/2,πθ ∈  ( icos 0θ ≤ ) this vector can be expressed as
i,centr i i i i i(cos sin ,sin sin ,cos )ϕ θ ϕ θ θ=n . (2)
Let 0 (0,0, )R=r  is a point where the central beam incidents the sphere surface, then a circle
with centre 0r  and diameter d  in the plane perpendicular to i,centrn  is a set of points
0 i,centr 0: / 2 ( ) 0{ }C d≡ − ≤ ⋅ − =∧r r r n r r . (3)
We may construct C  (that can be generalised for arbitrary beam cross sections) using two
unit vectors 1a , 2a  composing the orthonormal base together with i,centrn  in the following
way:
(a) When i
π
2
θ =  (or i 0zn = , i.e. tangential incidence), then
1 i,centr, i,centr, i i( , ,0) (sin , cos ,0)y xn n ϕ ϕ= − ≡ −a . (4)
(b) When i
π
2
θ > , (i.e. i,centr, i1 cos 0zn θ− ≤ = < ), then for instance
( )221 i,centr, i,centr, i,centr, i i i i i( ,0, ) / 1 ( cos ,0,cos sin ) / 1 sin sinz x yn n n θ ϕ θ ϕ θ= − − ≡ − −a . (5)
Of course in these both cases the scalar product 1 i,centr 0⋅ =a n . Especially i π/2ϕ =  gives
i,centr i i(0,sin ,cos )θ θ=n  and 1 (1,0,0)=a , since 2i icos / 1 sin 1θ θ− − = . The other required
vector 2a  can be obtained as a cross product:
2 1 i,centr= ×a a n . (6)
Especially we have
(a) for i
π
2
θ = , 2 (0,0,1)=a ,
(b) for i
π
2
θ > , 2 22 i,centr, i,centr, i,centr, i,centr, i,centr, i,centr,( ,1 , ) / 1x y y y z yn n n n n n= − − − −a  and descriptive
example i π/2ϕ =  provides 2 i i(0, cos ,sin )θ θ= −a .
We can express an arbitrary element of C  using local Cartesian co-ordinates ( , )x y′ ′  in the
form of a sum of two vectors 0 ( ', ')x y+r a , where
1 2( , )x y x y′ ′ ′ ′= +a a a (7)
is a linear combination of the base vectors 1a , 2a  meeting the condition 
2 2 2 / 4x y d′ ′+ ≤ .
Another possibility for construction of C  employs polar co-ordinates ( ), qγ  defined by iden-
tities cos( )x qγ′ = , sin( )y qγ′ = , where 0 / 2dγ≤ ≤  and 0 2πq≤ < .
The unit vector characterising the direction of the single ray propagation, however changing
linearly (as postulated) with the distance a = a , is then
i,centr
i
i,centr
tan
2 2
tan
2 2
d
d
β
β
 
−  
 
=
 
−  
 
n a
n
n a
, (8)
other variances of this simple premise are also acceptable. For the denominator in (Eq. 8) we
can find
2
2 2
i,centr tan tan2 2 2 2
d d
a
β β   
− = +   
   
n a . (9)
A vector line equation with parameter ( )i ,t ∈ −∞ +∞  representing single ray of the incident
beam is therefore:
i i 0 i i( )t t= +r r + a n (10)
and a first intersection of this ray with the reflecting surface derived from the quadratic equa-
tion i i( )t R=r  is in detail
i 0 i it= +r r + a n , (11a)
( ) 2 2i i i i i( ) ( 2 )z z zt Rn Rn a Ra= − + ⋅ − + ⋅ − +a n a n , (11b)
where index z  means z -component of the vector. Generally (except collimated beams) vec-
tors a , in  are not mutually perpendicular. The discriminant (i.e. an expression under the root
sign in Eq. 11b) of the solved quadratic equation has to be positive for existing ray intersec-
tion with the sphere and is just equal to zero for tangential incidence.
3. Polarisation of incident rays
The normal to the surface is i i/ r=n r  ( ir  is defined in Eqs. 11a, b) and therefore two local
unit vectors, projecting two orthogonal components and allowing to define in this way the
polarisation state of the electric fields, are
i
i
×
=
×
n n
s
n n
, i= ×p s n . (12a)
To be noted that the polarisation state is not defined in the case of normal incidence when
i −n = n . Vectors i, ,p s n  create right-handed orthonormal system, so s polarisation compo-
nent of electric field is its projection to the vector s , similarly for p polarisation component.
In addition to the local quantities (Eq. 12a), varying with particular convergent or divergent
rays, we can define similar useful quantities related to the central ray by formulae:
i,centr centr
centr
i,centr centr
×
=
×
n n
s
n n
, centr centr i,centr= ×p s n , where centr (0,0,1)=n . (12b)
The polarisation state of the incident light, characterised by the complex electric field vector
i,centr i i i( , , )x y zE E E=E , provided that it is the same for all beam rays (what can be certainly
generalised to arbitrary beam polarisation profiles), can be determined just using vectors
specified in (Eq. 12b). The complex variables
i,centr,s i,centr centrE = ⋅E s , i,centr,p i,centr centrE = ⋅E p (13)
are s and p components of electric field of the central beam and presumably also of all rays of
the incident beam, hence the electric field vector of the arbitrary ray is
i i,centr,s i,centr,pE E=E s + p . (14)
Actually, for each ray the s and p components of the field are the same as for the central ray in
consistency with postulation
i,s i i,centr,sE E≡ ⋅E s = , i,p i i,centr,pE E≡ ⋅E p = . (15)
The polarisation state of the incident beam can be also defined applying ellipsometric pa-
rameters centrψ , centr∆  according to the formula
i,p i,s i,p,centr i,s,centr centr centr/ / tan exp(i )E E E E ψ≡ = ∆ , (16a)
from which we have
i,p 0 centr centrtan exp(i )E E ψ= ∆ , i,s 0E E= , (16b)
where 0E  is nonzero complex constant with absolute value proportional to the square root of
incident light intensity.
It is obvious that instead of the vector base 1a , 2a  we can choose vectors centrs , centrp  satisfy-
ing the transformation identities
1 0 centr 0 centrcos( ) sin( )q q= +a s p , 2 0 centr 0 centrsin( ) cos( )q q= − +a s p , (17a)
where
0 1 centr 2 centrcos( )q = ⋅ = ⋅a s a p , 0 1 centr 2 centrsin( )q = ⋅ = − ⋅a p a s . (17b)
4. Polarisation of the reflected beam
Unit vectors defining the directions of the locally reflected rays can be obtained from the
equation
r i i2( )= − ⋅n n n n n (17)
and local angles of incidence iα  (identical to the angles of reflection rα ) are
i r r iarccos( ) arccos( )α α≡ = ⋅ = − ⋅n n n n . (18)
Designating the local amplitude reflectivities of the curved surface for s and p electromagnetic
waves by sr , pr  (they are complex numbers depending on the angle of incidence, wavelength
and optical properties of reflecting material) we can calculate the amplitudes of reflected
electric field for each polarisation state of the ray
r,s s i,sE r E= , r,p p i,pE r E= , (19)
so that the electric field vector of the reflected ray is
r r,s r,sE E= +E s p (20)
taking into account that unit vector s  (normal to the plane of incidence) and unit vector p
(lying in the plane of incidence) are both identical for the ray incidenting the surface and ray
reflected from the surface. The correct ellipsometric parameters corrψ , corr∆  of the reflected
wave are then defined from the relation
corr corr p stan exp(i ) /r rψ ∆ = , (21)
hence
r,p r,pi,s
corr corr
r,s i,p r,s centr centr
1
tan exp(i )
tan exp(i )
E EE
E E E
ψ
ψ
∆ = =
∆
. (22)
Using (Eq. 22) it is possible to solve the inverse ellipsometric problem, for instance for single
dielectric layer deposited on the substrate of known refraction index, for all rays incidenting
the curved surface under different local angles of incidence, and then to obtain the same index
of refraction and thickness of the layer, although evidently the input ellipsometric parameters
locally differ.
Otherwise, in the case when a light detector (for instance ideal rotating analysator capable to
distinguish and analyse single beam rays with sufficient space resolution) is calibrated for the
central ray (see definition of vectors centrs  and centrp  by Eq. 12b), we obtain (intentionally)
inaccurate ellipsometric parameters
r centr
r centr centr centr
( ) 1
tan exp(i ) ( ) tan exp(i )ψ ψ
⋅∆ =
⋅ ∆
E p
E s
. (23)
It is clear that quantities ψ  a ∆  from (Eq. 23) hold true precisely only for the central ray,
however for all other rays of the light beam allow to determine quantitatively the deviations
from the correct values and therefore to estimate the error emerged from measurement ellip-
sometric parameters of curved surfaces in comparison with a flat surface and also to analyse
the effect of beam convergence or divergence in comparison with collimated beam.
5. Inverse ellipsometric problem for a single thin dielectric layer
The aim of this section is to find the thickness and index of refraction of single dielectric layer
from known ellipsometric parameters ψ  and ∆ . For this purpose we define quantities 0n  –
index of refraction of external environment (superstrate, air), 1n  – (unknown) real index of
refraction of the layer with (unknown) thickness 1h , gn  – index of refraction of the substrate
(generally complex number), 0α  – angle of incidence measured in the superstrate and λ  –
wavelength of light in vacuum. We also use the admittance of vacuum 0 0 0/y ε µ=  ( 0µ , 0ε
– permeability and permittivity of vacuum) for definition of relative admittances for both light
polarisations of all media considering the law of refraction in the form
0 0 1 1 g gsin sin sinn n nα α α= = , see for instance [1]
(s) 2 2
0 0 0 0 0 0( sin ) cosY n n nα α= − = , (p) 2 2 20 0 0 0 0 0 0/ ( sin ) / cosY n n n nα α= − = ,
(s) 2 2
1 1 0 0 1 1( sin ) cosY n n nα α= − = , ( ) 2 2 21 1 1 0 0 1 1/ ( sin ) / cospY n n n nα α= − = , (24)
(s) 2 2
g g 0 0 g g( sin ) cosY n n nα α= − = , ( ) 2 2 2g 0 0/ ( sin ) / cosp g g g gY n n n nα α= − = .
The phase shift of plane wave propagating once through the layer 1ϕ  is independent on the
polarisation and is equal to
2 2
1 1 1 0 0
2π ( sin )h n nϕ αλ= − . (25)
The solution of Maxwell equations for plane monochromatic waves in isotropic medium can
be expressed by 2 2×  matrix (s,p)S  physically representing transform operators for tangential
components of electric field vectors, however separated into counter-propagating waves
(s,p)
1 10 (s,p)(s,p)
1 (s,p) (s,p)
g g(s,p)
(s,p) 1 1 1
0
11 i
cos sin 1 11
12 1 i sin cos
Y
Y
Y Y
Y
Y
ϕ ϕ
ϕ ϕ
 
      =   
−    
−  
 
S (26)
for both polarisation states. From matrix elements of (s,p)S  we can compute eight amplitude
coefficients, namely amplitude reflectivities for waves propagating in the direction from su-
perstrate to the substrate in the form
(s,p)
21
s,p (s,p)
11
S
r
S
= . (27)
Employing the definition of ellipsometric parameters
p
s
tan exp(i ) r
r
ψ ∆ = , (28)
considered in this moment known (for instance as a result of measurement) we can derive
from (Eqs. 27, 28) the quadratic equation - a condition for the wanted layer parameters [1]
0 1 0 1 0exp( 4i ) exp( 2i ) 0a b cϕ ϕ− + − + = . (29)
Here
(s) (p) (s) (p)
0 tan exp(i )a b d d bψ= ∆ − ,
(s) (p) (s) (p) (s) (p) (s) (p)
0 ( ) tan exp(i ) ( )b a d b c d a c bψ= + ∆ − + , (30)
(s) (p) (s) (p)
0 tan exp(i )c a c c aψ= ∆ − ,
where quantities with s or p indices (not all are independent)
(s,p) (s,p) (s,p) (s,p) (s,p)
1 0 g 1(1 / )(1 / )a Y Y Y Y= − + , (s,p) (s,p) (s,p) (s,p) (s,p)1 0 g 1(1 / )(1 / )b Y Y Y Y= + − , (31)
(s,p) (s,p) (s,p) (s,p) (s,p)
1 0 g 1(1 / )(1 / )c Y Y Y Y= + + , (s,p) (s,p) (s,p) (s,p) (s,p)1 0 g 1(1 / )(1 / )d Y Y Y Y= − − .
The solution of (Eq. 29) has to be in the form of complex units (due to the fact that 1ϕ  is real),
therefore the complex conjugated equation
0 1 0 1 0exp( 4i ) exp( 2i ) 0c b aϕ ϕ∗ ∗ ∗− + − + = , (32)
where asterisk means complex conjugated quantities, have to be fulfilled too. Therefore we
can reduce the quadratic equation for 1exp( 2i )ϕ−  to the linear equation and a condition for
index of refraction
22 2 2
1 0 0 0 0 0 0( ) 0f n b c b a a c∗ ∗≡ − − − = . (33)
Admittable layer thicknesses are then
per2πk
h k hσ = − 
 
, 1,2,...k = , (34)
where
0 0 0 0
2 2
0 0
exp(i ) b c b a
a c
σ
∗ ∗
−
=
−
, 0 2πσ≤ < , per 2 2
1 0 02 ( sin )
h
n n
λ
α
=
−
, (35)
perh  is a period of the layer thickness. This method is more efficient than least square method
applied for two unknown variables at the same time. From local ellipsometric variables corrψ ,
corr∆  (Eq. 22) and using the above relations we can compute a local layer parameters identical
with the given layer index of refraction and its thickness because these quantities have to be
independent on the ray selection. Certainly, we have different values when computing the
ellipsometric parameters obtained from the detector calibrated for the central beam (Eq. 23),
which are intentionally affected by the systematic error due to the measuring method.
6. Averaging of ellipsometric parameters
To average values of quantities over beam cross-section we can use an equidistant grid so that
the electric field of each ray is considered with the same weight what allows to approximate
integrals over surface sufficiently. For this purpose the following equidistant square grid
spread over C  may be suitable
11 2
2 1k
d k
x
N
− 
′ = − + 
− 
, 1,...,k N= , (36a)
11 2
2 1l
d ly
N
− 
′ = − + 
− 
, 1,...,l N= . (36b)
But only the subset M  of the ordered pairs of natural numbers refers actually to the beam,
namely in the case of the circular beam cross-section it is a set
2
2 2( , ) 1, 1, :
2k l
dM k l N N x y
   
′ ′= ∈< > × < > + ≤  
   
. (37)
The points 0 1 2k lx y′ ′+r + a a , ( ),k l M∈  (their number is ( )m M ) may be used for calculation of
averaged variables expecting the more precise result for larger N . There are at least three
ways of averaging:
(a) Averaging local index of refraction 1( , )n k l  and thickness 1( , )h k l  following the relations
(a)
1,aver 1
( , )
1 ( , )( ) k l M
n n k l
m M ∈
= ∑ , (a)1,aver 1
( , )
1 ( , )( ) k l M
h h k l
m M ∈
= ∑ . (38)
(b) Averaging local ellipsometric parameters obtained via (Eq. 23)
(b)
aver
( , )
1 ( , )( ) k l M
k l
m M
ψ ψ
∈
= ∑ , (b)aver
( , )
1 ( , )( ) k l M
k l
m M ∈
∆ = ∆∑ (39)
and then applying the algorithm explained in the section 5 for calculation averaged quantities
(b)
1,avern and 
(b)
1,averh .
(c) Averaging the electric field vector of the reflected beam (Eq. 20)
r,aver r
( , )
1 ( , )( ) k l M
k l
m M ∈
= ∑E E , (40)
then using (Eq. 23) in the form
r,aver centr
r,aver centr centr centr
( ) 1
tan exp(i ) ( ) tan exp(i )ψ ψ
⋅
∆ =
⋅ ∆
E p
E s
(41)
and finally calculating (c)1,avern  and 
(c)
1,averh  from such obtained ellipsometric parameters.
7. Numerical simulation
The following example demonstrates the effect of the curved surface and convergence or di-
vergence of the incident beam on the evaluation of ellipsometric data: the spherically shaped
silicon substrate with radius 1 mR =  and a complex index of refraction g 3.855 0.024in = −  is
covered by a thin layer with index of refraction 1 1.461n =  (silicon oxide) and thickness
1 112 nmh = , the index of refraction of superstrate is 0 1n =  (air). The circular beam with di-
ameter d  (variable quantity) and wavelength 632.8 nmλ =  incidents the sphere from the
direction oi 90ϕ = , oi 110θ = , it means that the angle of incidence measured in the superstrate
is o0 i 70α α≡ =  and a central beam is parallel to the plane 0x = . Considered ellipsometric
parameters of the linearly polarised incident beam are ocentr 45ψ = , ocentr 0∆ =  and a number of
grid division 150N = .
Figures illustrating maps of local quantities are depicted for the diameter of the collimated
beam i2 (1 sin ) 120.6 mmd R α= − ≈ , it is an extreme case when just one boundary ray inci-
dents the sphere tangentially. It is clear that the problem exhibits the dimensionless charac-
teristic number /d R .
The change of the local angle of incidence of the collimated beam ( 0)β =  could be seen in
Fig. 1, the values vary between o61,57  and o90 .
Fig. 1 Local angle of incidence of the collimated beam with the diameter 120.6 mm impinging
the sphere with radius 1 m; angle of incidence of the central beam is o70 .
Fig. 2 Local ellipsometric parameters ψ  (left) ∆  (right) for same conditions as in Fig. 1.
Fig. 3 Local index of refraction (left) and thickness (right) of the layer with (intentional)
error for same conditions as in Fig. 1.
Fig. 2 demonstrates local changes of ellipsometric parameters. Using local angles of inci-
dence it is possible to calculate the correct layer index of refraction and its thickness. The
Fig. 3 shows local erroneous values of layer index of refraction and its thickness obtained
from ellipsometric parameters according to (Eq. 23) when the local polarisation state of the
each beam is replaced by the polarisation state of the central beam.
Fig. 4 Averaged values of the layer index of refraction (left) and its thickness (right) obtained
by three methods in dependence on collimated beam diameter d , the radius of the sphere is
1 mR = .
From Fig. 4 we can deduce the error rate for determination of thin layer parameters with in-
creasing diameter of the collimated beam. The more precise seems to be (a) method in com-
parison with (b) method, the result is nearly constant for /d R  roughly less than 5 %. The
more adverse method is (c) using for detection the resulting electric field of the reflected
beam, but it is just a method supposed to approximate the physical measurement conditions
more realistically. However, also for relatively wide beam with diameter 50 mm we obtain the
deviation only 0.01 from the correct index of refraction 1.461 and for layer thickness the
value 111 nm while the correct value is 112 nm.
The effect of beam convergence or divergence on the measurement precision is demonstrated
in Figs. 5 – 8.
Fig. 5 Averaged index of refraction of thin layer obtained by three averaging methods (a, b, c
from left to right) from measurement of ellipsometric parameters for convergent beam with
angle of convergence o0β =  – o10 .
Fig. 6 Averaged thickness of thin layer obtained by three averaging methods (a, b, c from left
to right) from measurement of ellipsometric parameters for convergent beam with angle of
convergence o0β =  – o10 .
Fig. 7 Averaged index of refraction of thin layer obtained by three averaging methods (a, b, c
from left to right) from measurement of ellipsometric parameters for divergent beam with
angle of divergence o10β = −  – o0 .
Fig. 8 Averaged thickness of thin layer obtained by three averaging methods (a, b, c from left
to right) from measurement of ellipsometric parameters for divergent beam with angle of di-
vergence o10β = −  – o0 .
These figures allow to estimate quantitatively the effect of beam convergence or divergence
on the inaccuracy of results obtained from ellipsometric measurements. Surprisingly we can
expect better results for convergent beams in comparison with collimated beams but only for
suitable diameter of the beam. In the simulated case the smallest deviations of the index of
refraction and thickness from the correct values occur when the convergent angle is about five
degrees. Divergent beams unambiguously exhibit worse results for all angles of beam diver-
gence with increasing beam diameter and angle of divergence. The averaging method using
the local index of refraction and thickness obtained from locally measured ellipsometric pa-
rameters (i.e. method (a)) is minimally sensitive to the beam diameter and its degree of con-
vergence or divergence.
8. Conclusion
This paper using the combination of geometrical and wave optics quantitatively examines the
effect of curved surface and also beam convergence or divergence on the accuracy of the re-
sults obtained from ellipsometric measurements. For this purpose three averaging methods for
estimation the measurable quantities were proposed and results numerically compared apply-
ing the example of one thin dielectric layer deposited on the spherically shaped substrate.
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